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Introduction.

In measuring the length of short sound-waves by means 
of Kundt-tubes it appeared that if tubes of rather great 

width were used, i. e. tubes with diameters greater than 
abt. 2/3 of the wave-length, dust-figures, entirely different 
from the ordinary Kundt-figures, were produced. Either these 
latter figures (fuite disappeared, being replaced by dust-heaps 
at greater distance from each other, or, in intermediate cases, 
the Kundt-figures appeared periodically more or less dis
tinctly developed, the dust forming a band of periodically 
varying widjh, furrowed crosswise by the intervals between 
the Kundt heaps.

A preliminary examination of these new dust-figures, 
the K-figures, as we have chosen to call them, showed:

1.—The K-figures are preferably formed at the mouth of 
the tube, contrary to the Kundt-figures which appear, 
in the case of a closed tube, most distinctly at the 
farther end.

2.—With constant wave-length the distance between the 
K-figures increases as the square of the diameter of 
the tube.

3.—With constant diameter of the tube the distance varies 
inversely as the wave-length or nearly so.

These results combined with theoretical considerations 
led us to the conclusion that the phenomenon must be due 

1*
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to interference between waves proceeding in the same di
rection and not as with the ordinary Kundt-waves between 
waves in opposite directions. Thus in our opinion the origin 
of the K-iigures should be a beat-phenomenon. The following 
investigation was carried out in order to settle the question 
as to the nature of the new figures.

The theory of wave-formation in cylindrical tubes.
The hydrodynamical equations may, with cylindrical 

coordinates be written

1° , 9>r , . ^1 + ^ = 0 
oz / dt

2° 7 -+ (? . , — 0 or dt

3° —— + Q -- — 0
ro3 dt

4° dP . div
---- f “TT = 0 oz------- dt

where r, H and z designate the coordinates, o the density 
and P the pressure of the air, while œ , y and iv indicate 
the components of the velocity in the direction of the ra
dius, a line perpendicular to the latter and in the direction 
of the axis of the tube. It should be borne in mind that

In considering vibratory movements of the air with 
amplitudes so small as to allow the neglect of terms of 
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second order in the variations, the equations may be solved 
in putting:

7° o = Qo(l+neI), 8° P = Po(l+pe/), 9° = ^e1,
^9° 11° lu = 11,(11

where 12° I — i (vt + + yz) 

n, P’ Vr> Wn and being functions of r, while and Po 
denote the normal values of q and P, and v indicates the 
cyclic frequency of the vibrations.

21° w =
o(P
dz

c(P
19» = 20»

Introducing these expressions and neglecting terms of
higher order one gets :

13°
- 4-^4- Í/l -

H----------1-------- <f>r r r n + i y w + mn = 0

14°
b

9r = i--P

15°
fi b

*n - rv P

16°
)'b

IV -- ------------p

17°

V

1
" = k-p

where
Po c2

b = — = —, c being the velocity of sound

If

o kso Ä

a velocity-potential

18° d) = 7p).ei = 0ei^t+^+7z)

exists we have:
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Finally we get from 13°—17°

22° „ = —and
b

23° ^ + 1-<i> + ('’’—= 0.
r \kb r~J

From the latter equation follows that (D is the general 
Besselfunction ;

® = Aj^du-y + iiy^hr)

/r = __r = __r.

2 being the wave-length of a plane wave of frequency v.
Now, in order to determine which harmonic waves of 

frequency v there may actually appear in a cylindrical tube 
the boundary conditions must be taken into account. These 
conditions are:

1. —P should be finite for r — 0, from which follows that
B = 0.

2. —P should have the same value for H and for HA-Zpri.
thus p must be an integer.

cd)
3. — Â — — Ah J/i(hr) should be 0 at the wall of the

dl' d d
tube, 1. e. for r = — , from which follows that h- — must 
be one of the roots : Q/(> 1s 3... „ in j/( (x) = 0.

Any wave of the type

d)

Thus h, and therewith / is determined by:

24° 
where

25°
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where

pear in the tube.

and [i an integer may thus ap-

It being furthermore known that any possible vibra
tory conditions at or rather in the mouth of the tube 
may be represented by a series of ./-functions, like those 
above, it is obvious that a tube exposed to harmonic sound
waves of a frequency p, will generally be passed by the 
waves represented by:

28« ® = e“^

The component waves.
We now proceed to consider the component terms of 

the series above. The general term is:

q n being a root in J(.r) = 0, p an integer and

term re-

1. e.

and the velocity in the

the tube.
is deter-

C/.,n

2/z, n

C
- > c.

;2 • n2Á Q/f, n

 Z

| 7T2d2

same direction by:

Obviously, if y n is real i. e. , theZ n 
presents a wave proceeding along the axis of 
The wave-length in the direction of the axis 
mined by:
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If n Is imaginary, i. e. a singular type of

motion appears which, however, will not he discussed in 
this paper.

The Jo-waves. The waves corresponding to = 0 are 
represented by:

Being independent of 0, all the waves of this order are 
symmetrical with regard to the axis. The roots of J() (.r) = 0 
are 0, 3.8317, 7.0156 etc.

The wave corresponding to ç0 t is: 

representing an ordinary plane wave with an amplitude 
independent of r and H and with a velocity c equal to that 
of a free plane wave.

To q0 2 = 3.8317 corresponds

3.8317
If T >---------Z n

= 1.2197 this wave, runs down the axis with

The first root in J0(æ) = 0, x = 2.4042, being less than
2.4042c/() ,, p and w alter their signs for r = d- ' and the 

’ ¿2* o.oo JL /
cross-section is divided by this radius into 2 concentric
parts for which p and tv are in opposite phases. The velo-

• / 2r\city yr which varies as Jd 3.8317-—) has the same direc
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tion and phase all over the cross-section. Fig. 1, Pl. I, 
illustrates the distribution of radial and axial velocity to
gether with the deplacements, at a given moment, over part 
of the tube.

Considering finally the general term

it is obvious that, Jo having n — 1 roots between r = 0 and 

r — — , the cross-section is divided into n concentric parts 

of which any neighbouring sections are in opposite vibra
tory conditions with regard to p and iv. Thereby it is al

ways assumed that y>—n. However, the greater q0 n, the 

less is the chance that the said condition will be fullfilled 
and for a certain number n the wave becomes one of 
the singular waves indicated above.

The J1-waves. The waves corresponding to p = 1 are 
represented by:

® = A-J1(91;n-^sin(0-e())ei(ri±ri.nz).

The roots of (x) = 0 are: 1.8412, 5.3314 . . . etc. The 
lube is now by the plane divided into two parts for
which p, iv and are in opposite phases, the latter vibra- 

n / 2 r\
tions having a plane of symmetry: = n\(h n ]

= 0 having n — 1 roots <qln the cross-section is further
more by n — 1 circles divided into n parts of which any 
consecutives are of opposite phase as to p and iv. Figs. 2 A&B, 
Pl. II & III, are drawn to convey an idea of the vibratory 
conditions at a certain moment for the i ^)'wave’

The J -waves. It is now quite obvious that the cross- 
section with the wave:
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cl '

is divided by diametrical planes into 2p parts. Passing 
from one part to the following the p~, id- and ^.-vibrations 
alter their signs. Furthermore the cross-section is divided 
into i? zones by the n—1 circles corresponding to the first 
n — 1 roots of

neighbouring zones having opposite phases with regard to 
p and w.

The waves to be expected in a given tube.

Generally all waves, for which ~ , may be expect-
Z Ti

ed. However, if the source of sound is equal in all direc
tions and situated in the axis of the tube, only the J0-waves 
can develop because of the symmetry. On the other hand, if 
the source of sound is outside the axis, all the waves may 
generally be anticipated. They will, in this case, have a plane 
of symmetry containing the source of sound and the axis.

In view of the determination of the possible waves the 
roots of j (x*) are arranged according size in the following 
table:

Tab. I.
9//, n

71

?0, 1............ ............. 0 0
q. ,.............. ............. 1.8412 0.5861

92, 1............ ............. 3.0542 0.9722
9o, 2............ ............. 3.8317 1.2197
93, 1............ ............. 4.2021 1.3376

<h, I............ ............. 5.3170 1.6926

91, 2............ ............. 5.3314 1.6970
9s, 1............ ........ 6.4155 2.0421

............. 6.7061 2.1346
9o, 3............ ............. 7.0156 2.2330
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Thus if y <0.5861 only the plane wave may he expected 
Z - ti

giving the ordinary Kundt-figures. If 0.586 < y < 0.972 the

and if the two waves are of approximately equal intensity 
in the plane of symmetry of the J1-wave vigorous beats must 
develop in the said plane and cause the dust to gather 
where the two waves compensate each other. In the case of

Beat-phenomena of fairly great complexity must then be 
anticipated, the phenomena depending on the ratio of in
tensity of the waves and of their phase-differences. If finally

and the beat-phenomenon will generally be very complex. 
However if the source of sound is adjusted in the axis 
and is symmetrical relative to the latter, only the plane wave
and Jo^7o 2’“^ can develop and there is a chance of ob

taining simpler beat-phenomena.

Beats between two waves.
When two of the waves considered above are running 

down the tube, the waves having the same frequency but 
different wave-lengths, heats must occur. The distance be
tween two points of reinforcement is determined by holding 
one more wave-length of the one wave than of the other.
Thus :



12 Nr. 2. Jul. Hartmann and Birgit Trolle:

Z

2

Z

two wave-lengths are nearly equal this may beIf the
written :

/G, n2

n

jrfll ,
fi2, n2

/Zi, n¡ /à2, n2

d2
2* z

r Í
G*Z

thus representing just the dependency found in the prelimin
ary experiments. Some values for C in the formula:

and calculated from :

are quoted in the following table:

= 5.824

= 2.116

3.324

1.344

1.748

1.118

However, as shown by the correct formula, C is not a 

real constant, it varies somewhat with the ratio y.
Values of C'J’ J corresponding to beats between the
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plane wave and the 
following:

d
'À

r0,l
Gl, 1

d r0, 1
Gi, 1

00 5.824 0.833 4.983
2.00 .696 .769 .796
1.67 .636 .714 .577
1.43 .568 .667 .301
1.25 .484 .625 3.960
1.11 .386 .588 .469
1.00 .272 .586 2.912

.909 .139

tabulated in the-wave are

The beats corresponding to the smaller values of C are 
generally of inconsiderable intensity.

Final experiments.
The beat-phenomenon was originally observed in working 

with the air-jet generator invented by one of the authors.1 
With the same generator, by which waves of great intensity 
can be produced, all the final observations were made. In 
order to secure constant frequency of the wave, the gene
rator must be worked with air of constant pressure. In 
the experiments here considered, the air was furnished from 
a steel bottle of abt. 20 1 containing air of up to a pressure 
of abt. 100 atm. The pressure was reduced in two stages 
by means of reduction-valves, each valve opening into an 
air-chamber. With this arrangement the frequency could 
be kept almost constant for several hours.

The generator G was vertically arranged as indicated 
in fig. 3. The tube Twas adjusted horizontally. It was fastened 
to a slide by means of which it could be moved in a ver
tical plane containing the source of sound. By this arrangement 

1 Det kgl. Danske Videnskabernes Selskabs Meddelelser I, 13. 1919 
and The Phys. Rev. Vol. XX. 719. 1922.
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the dust-band came in the plane of symmetry i. e. in 
that part of the lube where the intensest and simplest 
beat phenomena were to be expected. The tubes were now 
rather long, abt. 2/3 m., both ends were open. They were 
of such a length that even if the farther end were closed 

and the tubes exposed to 
waves of such a length that 
the ordinary Kundt-figures 
could be anticipated these 
latter figures did not appear. 
Nevertheless the number ol 
K-figures was increased very 
considerably compared with 
the ligures in the formerly 
used short and closed tubes. 
It appeared, however, that it 
was of small or no conse
quence whether or not the 
2/3 m. tubes were closed.

These observations made
it probable that the K-figures originate in a beat-phenomenon 
and not in interference between waves running opposite.

The experiments were carried out with various tubes, 
the level of the tube being varied gradually relative to the 
generator as already indicated.

In order to illustrate the experiments, the observations 
made with a tube of diameter 0.5 cm. exposed to waves 
of length 0.59 cm. will now be described. With this tube 

-- = 0.84. From tab. 1 it is seen that in this case only the 
Z / 2 r\plane wave and the wave •71 ( 1 I maY expected. The

K-figures were observed at various levels of the tube and 
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at every level with various distances of the mouth from 
generator. The latter distance proved, however, of small in
fluence on the position of the K-figures relative to the tube. 
Also the level of the tube proved rather unimportant pro-

_ Distance front aperture, of tube, 
/ 2 5 b ¿ a> 7 &

•6. o

7.0

7.2

Gesieralot’: !
Distance, from 
apertura. of !

Lube 1 
f Cm I (J 9 70 7/ 72 cne

JJuSt Icectps :

—
© Ö.S- Y )

©
6-0 ■» \ \ X© © á-2' 

% \ A I 1

Of

©
© A _______

Lent jerWater© © % *> 7

© 6.&

© A_

X -0.59 cm. Æ* - V-OLcm rn ” c
Leota Lb o J tube GO cut. Diourufer of tube, 0-5 con,

Fig. 4.

vided that the tube, when moved downwards, had not yet 
passed the level of the generator. With the tube at this level 
only few K-figures were observed and the figures only ap
peared with the tube at a short distance from the generator. 
When the level of the generator had been passed the figures 
reappeared and were now to be found nearly midway between 
the former positions exactly as was to be expected from the 
theory above. Fig. 4 shows the position of the K-figures relative 
to the aperture of the tube — situated in the vertical line 0—. 
The generator was at a level of 6.6. At every level of the tube 
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observations were taken for three or four distances from 
the generator the position of the latter being indicated in 
fig. 4 by circles, and the positions of the dust-heaps by dots. 
It should be noticed that the distribution of the wave-energy 
round the generator was not quite symmetrical, the energy 
in the upward direction being somewhat in excess.

The conditions with a tube of diameter 0.625 cm., ex

posed to a wave of length 0.575 cm. making y equal to 

1.08, were quite similar to those of the former tube, al
though there was in this case a slight possibility of getting

( 2r\the wave pwl too.

With a tube of 0.72 cm. exposed to waves of 0.59 cm., 
dy thus being 1.22, the main aspect of the ligures was the 

same as before. Only with the tube in extreme positions 
relative to the level of the generator, some dust-heaps were 

added, undoubtedly originating from the wave J2

With a tube of diameter 0.85 cm. and a wave-length 0.57 cm., 
d Í 2 r\ / 2r\

thus y = 1.49, the waves Jo ( 2“j_) and J3Ií/3 i'~d) might 
be anticipated in addition to the three waves already men
tioned. In accordance herewith rather intricate dust-figures 
were observed. However, with the tube on a level with the 
generator a simple set of dust-heaps were observed corres
ponding to beats between the plane wave and the wave

/ 2r\
Jo [ <70 2 ‘ 1 lie latter alone can develop in the case of
the boundary-conditions being symmetrical relative to the 
axis. Beneath and above the level of the generator the plane

, / 2 r\
wave and the wave I i’~Tj were of the highest intensity 

and the corresponding K-tigures could always be distin
guished, but in addition to the said figures several others 
appeared.
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With a tube of 1.15 cm. exposed to waves of 0.57 cm. 
d ( 2r\wave-length, making y — 2.0, the two waves J41Q4 y-y-1 

/ 2 r\ Z \ ’ a /
andJjQ12’ — ] were added to those already mentioned. 

Accordingly the picture was in general perplexingly com
plicated. However, here, as in the foregoing case with the 
tube on a level with the generator, the figure became simple, 
consisting of 19 dust-heaps equidistantly arranged and cor
responding to beats between the plane wave and the wave 

/ 2 r\ , .
2”t) which is still the only wave beside the plane 

wave symmetrical relative to the axis.
In addition to the experiments here mentioned several 

others were carried out with the same or other tubes and
with varied wave-lengths, most of them with the aim of 
determining C in the formula:

From beats between the plane 
the following results were obtained:

wave

Â uobs ^cal

0.82 4.82 4.94
0.84 4.94 5.00
0.85 4.81 5.01
1.12 5.12 5.40
1.14 4.92 5.41
1.22 5.06 5.46
1.50 5.13 5.59
2.01 5.73 5.70

From beats between the plane 
the following results were derived:

_ c c¿ uobs cal

2.01 1.20 1.17
1.50 1.00 1.06

Vidensk. Selsk. Math.-fys. Nedd. VII, 2. 2



18 Nr. 2. Jul. Hartmann and Birgit Trolle.

In spite of the waves emitted from the generator not 
being quite harmonic, the wave with double frequency being 
rather pronounced, no effect of the over-tones was observed.

The Boyal Technical Highschool 
Physical Laboratory II 

Copenhagen.

We owe thanks to the board of the Carlsbergfund who 
made the above investigation possible by a subvention.

Færdig fra Trj’kkeriet d. 29. Maj 1925.
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